Abstract A snake-like robot, whose body is a seried-wound articulated mechanism, can move in various environments. In addition, when one end is fixed on a base, the robot can manipulate objects. A method of dynamic modeling for locomotion and manipulation of the snake-like robot is developed in order to unify the dynamic equations of two states. The transformation from locomotion to manipulation is a mechanism reconfiguration, that is, the robot in locomotion has not a fixed base, but it in manipulation has one. First, a virtual structure method unifies the two states in mechanism (e.g., an embedding in the configuration space); second, the product-of-exponentials formula describes the kinematics; third, the dynamics of locomotion and manipulation are established in a Riemannian manifold; finally, based on the analysis of the dynamic model, the dynamics of manipulation can be directly degenerated from those of locomotion, and this degeneration relation is proved through using the Gauss equations. In the differential geometry formulation, this method realizes the unification of the dynamics of locomotion and manipulation. According to a geometrical point of view, the unified dynamic model for locomotion and manipulation is considered as a submanifold problem endowed with geometric meaning. In addition, the unified model offers an insight into the dynamics of the snake-like robot beyond the dynamic model separately established for locomotion or manipulation.
Introduction
Imitating the body of a snake, the structure of a snake-like robot is an articulated mechanism without a fixed base. The snake-like robot has better locomotion capability in various complex environments (e.g., narrow space and tough terrain) than other robots (e.g., wheeled robot and legged robot). On the other hand, if one end of the snake-like robot is fixed on a base, the mechanism and the function of the robot alter radically, and the robot is considered as a redundant manipulator (or a snake-like manipulator) which can perform manipulation. Integrating locomotion and manipulation make the snake-like robot powerful in many fields, such as searching and rescuing in disasters, inspecting and repairing in industries, and exploring and sampling on planets [1] .
In locomotion, these characteristics (e.g., the interaction between the robot and the environment, and the nonexistence of a fixed base) make the locomotion dynamics very complicated; that is, the dynamics consist of inverse dynamics and forward dynamics at the same time. In the last decades, many scholars focused their interests on the locomotion dynamics of the snake-like robot. Hirose [1] deduced the so-called serpenoid curve of the snake's body by using a biomimetic approach, and this curve is wildly used in the locomotion control of the snake-like robot. Ma and Saito [2, 3] developed the closed-form dynamic model with the environmental friction effect by applying the Newton-Euler method severally. Ma [2] mainly focused on the influence of the movement and environment parameters on the dynamics, and Saito et al. [3] decoupled the dynamic equations into two parts, the shape motion and the inertial locomotion. Liljebäck et al. [4] first considered the snake-like robot as a manipulator with a virtual structure for orientation and position (VSOP). Transeth et al. [5] established and decoupled the locomotion dynamics based on VSOP and the Euler-Lagrange equation. Zhao and Li [6] presented a dynamic model based on the nominal mechanism and the influence coefficient, and analyzed the coupling characteristic. Other methods, such as nonholonomic constraint [7] , geometrical mechanics [8] , and nonsmooth dynamics [9] , were introduced into the locomotion dynamics. In addition, the manipulation dynamics of the snake-like robot can be refered to the redundant manipulator dynamics. Andersson [10] approximated a continuous curve with the snake-like robot based on the product-of-exponentials (POE) formula, actually, this was the inverse kinematics of the redundant manipulator. Because of complexity of the snake-like robot dynamics, the aforementioned researches did not study the dynamics of locomotion and manipulation unitedly but separately, and almost none of the existing researches focused on comparing the dynamics of locomotion with those of manipulation essentially. An absence of the comparison and unification will prevent the researchers from comprehending the complex dynamics of the snake-like robot thoroughly.
The snake-like robot alters from the locomotion state to the manipulation state by the mechanism reconfiguration (i.e., fixing one end on a base). No matter in locomotion or in manipulation, the robot is a series-wound articulated multi-link system. The similarity of mechanism must lead to the similarity of configuration space, furthermore, cause some interesting relationships between the dynamics of the two states, which are established in the configuration space. Considering the resemblance of the two states, we compare the complex locomotion dynamics with the manipulation dynamics which are familiar to researchers in order to easily obtain more information about the dynamics of the snake-like robot.
Based on the above motivation, we attempt to establish and analyze a unified dynamic model for locomotion and manipulation of the snake-like robot. First, VSOP [4, 6] is used to unify the two states in mechanism. Second, POE [11] is used to describe the robot kinematics, because it is suitable to represent the reconfiguration process. Third, the dynamic equation is established in a Riemannian manifold with the geometric meaning. Finally, the dynamic modeling is transformed into the geometric calculating, and the unification of the dynamic model comes down to a submanifold problem. Our unified dynamic model taking advantage of the comparison and the geometric formation has the following merits: 1) offering a unified point of view to apprehend the dynamics of the locomotion and manipulation states of the articulated chain mechanism; 2) endowing the unified dynamic model of the snake-like robot with the geometric meaning to simplify the description and the solution; 3) revealing the particular dynamic structure of the snake-like robot insightfully to some extent.
Kinematics of a snake-like robot

Configuration description
The snake-like robot consists of many articulated modules, and there is one degree of freedom controlled by a motor at each joint. The unified dynamics of 2-D locomotion and manipulation are established in the research, however, the basic formulae of kinematics and dynamics are formed in the full SE(3) space, because of the following reasons: First, POE is more conveniently used in the SE(3) space than in the SE(2) space. Second, we intend to extend the research from 2-D to 3-D for generality in future. The snake-like robot can move without a fixed base, and it can manipulate with fixing one end on a base when the robot is nearby an object. The configuration space of locomotion of the snake-like robot (Q) can be divided into a fiber space (G), which describes the position and orientation, and a base space (N ), which represents the shape of the snake-like robot. That is to say, Q = G × N . The configuration of the snake-like robot in coordinates can be written as
T ∈ N ) in order to move the position and orientation of the robot on a plane ([
. When the snake-like robot is in a manipulation situation, only the shape deforms, and no change happens in the position and orientation. In other words, the configuration space in the manipulation situation is a submanifold of Q, which is denoted by Q , and in coordinates x = [0, 0, 0, x 4 , . . . , x n ] T ∈ Q , whereas, the snake-like robot can be considered as a redundant manipulator when the tail of the robot is fixed. The configuration space of the snake-like manipulator is the joint space N (i.e., the base space of locomotion), and in coordinates x = [x 4 , . . . , x n ] T ∈ N. We use the VSOP method considering the move in the directions of X and Y and the turn around the direction of Z as the virtual joint movements with respect to the inertial coordinate frame as shown in Figure 1 . That is, the exterior locomotion of the snake-like robot is treated as the shape change in the interior space. The snake-like robot (locomotion and manipulation) and the snake-like manipulator (manipulation) are regarded as manipulators. Accordingly, the configuration space of the snake-like robot will not be considered as a total space of a fiber bundle but an ordinary manifold. The mathematical relations of the configurations are depicted in Figure 2 . Explicitly,
α and β are an embedding and an immersion, respectively. N and Q are homeomorphic in topology.
Kinematic formulation
In Figure 1 , a virtual module of the snake-like robot is denoted by U i (i = 1, 2), and the length of the virtual module is zero; a real module is denoted by U i (i = 3, . . . , n), and the length is L i (i = 3, . . . , n). We define a global inertial coordinate frame S, and set up a local module coordinate frame on the geometrical center of each module including the virtual module. The virtual joints include two virtual prismatic joints J 1 and J 2 in X direction and Y direction respectively, and a virtual hinge joint J 3 in Z direction. In addition, a real joint is denoted by J i (i = 4, . . . , n). The initialization of the joints, including the real ones and the virtual ones, are zeros. Thus, at the initial moment, the tail of the snake-like robot (the position of J 3 ) is coincident with the origin of the global coordinate system. The configuration (position and orientation) of the ith local module frame in the global coordinate frame S is described by POE [11] as follows:
is the configuration of the ith local module frame in the global coordinate frame at the initial moment.
2) x i ∈ R is the controllable variable of the joint, that is, the angle of the hinge joint and the displacement of the prismatic joint. In fact, x i is short for x i (t), andẋ i is a time derivative of x i .
3)ξ i ∈ se (3) , which is called a twist, describes the screw of the joint. In addition, the twist can be calculated as follows: For a hinge joint, it is ξ i = [ 3 is the unit direction vector of the prismatic joint. According to the definition, the kinematic twists of the snake-like robot at the initial moment are as follows:
T (i = 4, . . . , n). From (1), we know that the effect of the virtual joints on the configuration is depicted by the term eξ . When the tail of the snake-like robot is fixed to manipulate the object, this term can be deleted and the validity of the configuration equation is uninfluenced. This characteristic is considered as the kinematic unification between locomotion and manipulation depicted by POE in Figure 3 .
The configuration space of each module is SE (3) , and then the extended forward kinematics map [12] of the snake-like robot is
where SE n (3) is called the Cartesian space. The body velocity of the ith module [11, 12] , which gives the velocity of the module in the ith local module coordinate frame, is denoted by V b S,i , and can be calculated asV
. Additionally, the relation between the angle rates and the body velocity can be calculated as
where (2), we can obtain the jth (1 j i) column of the body manipulator Jacobian matrix as
where Ad is an adjoint mapping of a Lie group. Otherwise, 
Kinematic unified relationship of the snake-like robot between locomotion and manipulation.
so ξ i,j is independent of x 1 and x 2 . According to (3), we can know that
where l = max{j + 1, 3}. Similarly, the spatial velocity of the ith module ( [11, 12] ), which is the velocity of the module as measured by an observer at the origin of the global inertial coordinate frame, is denoted by V S S,i , and can be calculated as
where
, and the jth column is given by
We should notice that the linear velocity part of V S S,i is not the linear velocity of the local coordinate frame fixed on the ith module but the velocity of the point that is fixed to the local coordinate frame and coincides with the origin of the global coordinate frame at the moment. We compute the linear velocity of the local coordinate frame byḃ (1) and (5), when the tail of the snake-like robot is fixed in manipulation, the velocities can be obtained only by omitting eξ 
Dynamics of a snake-like robot
Some geometry conceptions are used to establish the dynamic equations of locomotion and manipulation in this section. The dynamic equation in the configuration manifold can be written as follows [12, 13] :
where M , ∇, V , and Y are a Riemannian metric, a Levi-Civita connection, gravitational potential energy, and generalized forces in the configuration manifold, respectively. Actually, (7) is the equivalent form of the Lagrange dynamic equation in the Riemannian manifold. The right-hand side of (7) is relative to the gravity, the frictions, and the driving forces; and the left-hand is relative to the geometric character of the configuration space. If the right-hand side equals zero, the left-hand side will be a geodesic in the configuration manifold. We should point out that: 1) the locomotion and the manipulation of the snakelike robot are supposed in a horizontal plane, so V (x) ≡ 0; 2) the strict definition about the second term of the right-hand side needs a sharp map, which is not introduced in simplifying the depiction. Therefore, the generalized forces in the configuration space are considered as column vectors in the paper. We explain and calculate each part of the dynamic model in the following section.
Riemannian metric
The Riemannian metric M in the configuration manifold Q is defined with the kinetic energy of the system, and the metric determines the geometric properties of the manifold. A generalized inertia matrix of the ith module in the local coordinate frame can be written as
where I b i and m i are the inertia tensor and the mass of the ith module respectively, and E is a 3×3 identity matrix. According to the definitions in [4, 6] , a virtual joint and module (or a nominal mechanism) has no mass, nor inertia, and never exerts any forces or torques, so we can know that
The kinetic energy of the ith module is
so the kinetic energy of the system is
Here, the Riemannian metric in the configuration manifold is not only an n × n matrix but also a tensor of type T 0 2 (Q), and can be represented as
The metric matrix can be considered as a generalized inertia matrix of the whole system. The matrix element of M is denoted by M ij (i, j = 1, . . . , n), which can be computed as
We know that ξ k,i only depends on (x l , . . . , x k ) where l = max{i+1, 3}, and ξ k,j only relates to (x l , . . . , x k )
where l = max{j + 1, 3}. Therefore, M ij is a function of the set (x l , . . . , x n ) where l = min{max{i + 1, 3}, max{j + 1, 3}}. Through analysis, we have the following conclusions about the Riemannian metric:
The partial result of the metric matrix M (M ij when i, j = 1, 2, 3) is shown in Table A1 in Appendix A. M is a symmetric positive definite matrix, so the configuration space of the snake-like robot (Q, M ) is a Riemannian manifold. That is, M ij has no relationship with x 1 and x 2 ; and when i, j 4, M ij is independent of x 1 , x 2 , and x 3 .
Levi-Civita connection
Sign ∇ expresses the Levi-Civita connection on the tangent bundle of the configuration manifold compatible with the metric M , and ∇ẋẋ is a covariant derivative meaning the derivative of the tangent vectoṙ x with respect to the vectorẋ at x. We can compute the covariant derivative as
where Γ i jk is the Christoffel symbol of the second kind, while Γ jkl describes the Christoffel symbol of the first kind. They have the relationship as
The Christoffel symbol of the first kind can be defined by the metric
and Γ ijk = Γ jik . When 3 j n and 3 k n, Table A1 in Appendix A) and Conclusion 3.1.2, Γ 1jk = 0. Similarly, Γ 2jk = 0. Therefore, Γ ijk = 0 when i = 1, 2 (or j = 1, 2). The definition equation of the Christoffel symbol (14) is suitable for theoretical analysis but not suitable for programming computation. In [14] , Park et al. presented the iterative computing equations for the Christoffel symbol Γ ijk by using Lie algebra, which are recomposed as follows:
• for k i j,
• for i < k j,
• for i j < k,
where ad is an adjoint representation;
T ; and the definition of Ad i j is Definition [14] .
Given A 1 , . . . , A n ∈ se(3) and x 1 , . . . , x n ∈ R, define the map Ad 
As a result, we obtain the following conclusions about the Christoffel symbol of the first kind:
Conclusion 3.2.1. The partial result of Γ ijk is presented in Table B1 in Appendix B, when i, j, k = 1, 2, 3; Γ ijk = 0 when i = 1, 2 (or j = 1, 2). 
Generalized force
The 
We deduce the formulae of the generalized forces through calculating the pull-back κ * in terms of the coordinate bases. x i is the ith coordinate of the configuration space Q, and dx i is the ith basis of the generalized force space T * Q; y i = g S,i is the ith coordinate of the Cartesian space SE n (3), and dy i is the ith basis of the wrench space se n * (3) . Therefore, 
S,i . According to (18), the generalized forces of joint torques and those of frictions are calculated. The ith joint motor of the snake-like robot outputs a torque with magnitude τ i , and the torque affects the ith module and the (i−1)th module in contrary directions (τ 1 , τ 2 , τ 3 = 0 because of the virtual joints). Through calculation, the generalized force of joint torques applying at x j is
The resultant force of the environmental frictions acting on the ith module is f i (f 1 , f 2 = 0 because of the virtual modules). Through calculation, the generalized force of frictions applying at
In addition, we can obtain the following equation by computation:
By calculation and analysis, we obtain the following conclusions about the generalized force: Table C1 in Appendix C.
Conclusion 3.3.2.
f Y j has no relation with f i in the case of i < j, according to Table C1 , (20) and (21).
Dynamics of locomotion-manipulation
Through the above analysis, we multiply both sides of (7) by M , and trim the dynamic equation as
Being similar to the dynamic equation of a manipulator, the first term is an acceleration-related inertia term, the second item represents a Coriolis and centrifugal term, the third term is the friction, and the right-hand side is a driving torque. Now, we unify the dynamics for locomotion and manipulation into the manipulator dynamic format. In this section, we obtain (22) and seven important conclusions (i.e., Conclusions 3.1.1-3.3.2). In the next section, we analyze the unification of dynamics for locomotion and manipulation based on the conclusions and the following two preconditions: 1) the snake-like robot is controlled by the known joint angle x i (i = 4, . . . , n); 2) the environment interactions in locomotion and manipulation are described by the same friction model which is based on the relative velocity.
Unification of dynamics for locomotion and manipulation
Dynamics of locomotion
Many researchers (e.g., Saito [3] , Transeth [5] , and Zhao [6] ) decomposed the locomotion dynamic equation of the snake-like robot into two parts by a row-wise partitioning. The underactuated characteristic of the snake-like robot makes the partitioning possible. According to the geometric mechanics point of view, the row-wise partitioning means the locomotion of the snake-like robot being divided into the movement in the base space and that in the fiber space, when the configuration space is considered as a total space of a fiber bundle [8] . In this section, we use the row-wise partitioning and the notation of submanifolds to analyze the dynamic unification of locomotion and manipulation. By a row-wise partitioning, the dynamic equation of the snake-like robot (22) can be decomposed into two parts as • Locomotion equation 1-Locomotion equation 3:
• Locomotion equation 4-Locomotion equation n: 3 . Particularly, Γ ijk = 0 (i or j = 1, 2), and
. Therefore, (23) can be rewritten as
We point out that the fourth term on the left hand side of (25) represents the terms in parenthesis of (23), which contain the coupled inertia, Coriolis, and centrifugal term of the joint angle movement applying at
. In fact, (23) (or (25)) consists of two force equilibrium equations of the whole system in X direction and Y direction and one torque equilibrium equation of the whole system around Z direction with respect to the inertial coordinate frame. Because |M 1:3×1:3 | = 0, (23) (or (25)) is a group of ordinary differential equations with the independent variables (x 1 , x 2 , x 3 ). Therefore, the dynamics of locomotion can be decoupled into two parts: exterior dynamics (23) (or (25)) and interior dynamics (24). Given the torques of the virtual joints τ 1 , τ 2 , τ 3 = 0, the accelerations (ẍ 1 ,ẍ 2 ,ẍ 3 ) are computed from the exterior dynamic equations, which is a forward dynamics calculation. Exterior dynamics depict the locomotion of the snake-like robot in the inertial coordinate system. Correspondingly, calculating the torque τ k (k = 4, . . . , n) in the interior dynamics equation is an inverse dynamics problem. Interior dynamics describe the relationship between the body shape and the joint torques. When the snake-like robot moves, exterior dynamics and interior dynamics exist at the same time and act on each other.
Dynamics of manipulation
The snake-like robot can manipulate an object with its redundant body, when one end is fixed on a base. The dynamics of manipulation is only composed of interior dynamics, because the base of the robot does not move when manipulating. In a general way, the dynamic equations of manipulation can be derived from the dynamic equations (22) by adding the constraints (x 1 , x 2 , x 3 = 0). Consequently, each term of the dynamic equations needs to be recomputed with the constraints. However, this general method ignores many intrinsic dynamic characteristics of locomotion and manipulation. Considering the conclusions in section 3 and the geometrical thought, we can directly derive the dynamic equations of manipulation from those of locomotion without recomputing each term, except the frictions. Thus, the dynamic unification of locomotion and manipulation is realized.
According to Conclusion 3.1.2, M 4:n×4:n is independent of (x 1 , x 2 , x 3 ), so M 4:n×4:n is invariable in despite of any change of (x 1 , x 2 , x 3 ), even deleting the definitions of (x 1 , x 2 , x 3 ). Similarly, Γ ijk (k 4) is also invariable when the tail is fixed, according to Conclusion 3.2.3. Therefore, the dynamics of manipulation can be directly written as
• Manipulation equation 4 -Manipulation equation n:
where f Y k is the generalized force of the frictions imposed at x k in manipulation. Eq. (26) means that the tail of the snake-like robot is fixed. Naturally, (27) implies the dynamics of the manipulator, which is proven in the following way.
Proof.
As mentioned in section 2, the configuration of the snake-like robot in the manipulation state expressed in local coordinates is x ∈ Q , and the configuration of manipulator is x ∈ N . We also have defined an embedding map
and the embedding map α is isometric apparently. According to the Gauss equations in Riemannian manifold, we can obtain the following equation:
where ∇ and ∇ are the Levi-Civita connections in Q and N respectively, B(ẋ ,ẋ ) ∈ T ⊥ N , and T ⊥ N is the normal bundle of N in T Q . Because of the fixing of one end, the normal space of N at a point
Actually, (29) means that the inertia term and the Coriolis and centrifugal term in (27) are equal to those in the dynamic equation of manipulator respectively. In addition, according to (19), the format of the joint torque is invariable in locomotion and manipulation (manipulator). Considering the general dynamic equation in the configuration space (7), we can safely conclude that (27) is the dynamic equation of the manipulator. Geometrically, with the dynamics of the snake-like robot degenerating to those of the manipulator, an inducing map induces the metric tensor M on Q to the metric tensor M A on N . We have defined the immersion
so the coordinate representation of the tangent map is β * = [
]. By using the pull-back of a covariant tensor, the metric tensor M A on N has the coordinate representation as
Accordingly, the metric matrix (or the metric tensor) of the manipulator is the sub-matrix of the metric matrix of the snake-like robot. In addition, the property of Γ ijk in Conclusions 3.2.1-3.2.3 is crucial to the degeneration (or unification) as well. Because of the two aspects, the dynamic equations of the manipulator can be directly degenerated from those of the snake-like robot. In this way, the unification of dynamics for locomotion and manipulation is obtained.
Analysis of unification
The friction is the interaction between the snake-like robot and the environment, so the magnitude and direction of f i depends not only on the configuration and velocity of the snake-like robot but also on the complex environment. Generally, the friction cannot be unified in locomotion and manipulation. However, due to Conclusion 3.3.2 and the unification for velocity mentioned in subsection 2.2, the generalized force of the manipulator f Y k (k = 4, . . . , n), equaling that of the snake-like robot in manipulation, can be directly computed from that of the snake-like robot in locomotion as
. In the research, the unified dynamic model of locomotion and manipulation is studied in a horizontal plane, so the gravity effect is ignored in the above analysis. For the completeness of the research, we simply analyze the gravity effect on the dynamic unification here. The gravitational potential energy of the snake-like robot can be written as
where G i is the gravity of the ith module, which is a constant vector. According to the definition of gradient in Riemannian manifold, we know that
where M jk is the matrix element of M −1 . In section 3, both sides of (7) are multiplied by the metric matrix M in order to obtain the dynamic equation of the snake-like robot (22). Consequently, the gravity effect in (22) is expressed as
By (21) and (33), the unification of gravity comes down to that of b S,i and ξ S,k . Because of the unification of the configuration and velocity ( (1) and (5)), G Y k can be unifiedly described in locomotion and manipulation. The invariance of the gravity in the two states is another basic reason of the unification. In addition, the interaction force from the manipulated object is ignored in the paper, because the manipulation force depends on certain manipulation task. The dynamics of the snake-like robot include exterior dynamics and interior dynamics. When the robot manipulates an object, the exterior dynamics of the robot degenerate into zeros, and the interior dynamics of the robot become into the dynamics of the manipulator at the same time. The unified dynamic model of locomotion and manipulation is established in this way. The relationship of the uniform model is shown in Figure 4 . In addition, the unification also reveals the particular structure information of the dynamic model for the snake-like robot. The unification of dynamics can be simply realized because of the following two reasons. On one hand, the locomotion state and the manipulation state are compared and unified comprehensively in mechanism, kinematics, and dynamics. On the other hand, the dynamic modeling is transformed into the geometric calculating under the geometric method; moveover, the comparison between the snake-like robot and the redundant manipulator is considered as a submanifold problem. In addition, the geometric relationship between the dynamic equation of locomotion and that of manipulation can be described as the induced connection (28).
Numerical simulation
In this section, the numerical simulation of the dynamic unified model for locomotion and manipulation is presented. The unified model is suitable for both the snake-like robot with passive wheels and that without passive wheels. For simplification, the robot is considered as having passive wheels. The Coulomb friction model is used to describe the interaction between the robot and the environment in the tangent and normal direction. For the convenience of comparison, the serpenoid curve [1] is used to control both locomotion and manipulation. The relative joint angle of the robot is controlled by the following equation, represents the speed of undulation. The assumptions of the simulation are as follows: 1) locomotion and manipulation are on a level plane; 2) frictions in locomotion and manipulation are depicted by the same model; 3) the manipulation force from the manipulated object is ignored; 4) a passive wheel is installed at the middle of a module; 5) mass is well-distributed in a module. Additionally, the simulation parameters are shown in Table D1 in Appendix D. The movement track and the joint torque in locomotion and manipulation can be obtained from the unified method without modeling the two states separately. The results can also be gained from the Newton-Euler method, but in the method the dynamic models are established for both locomotion and manipulation. In the simulation, the Newton-Euler method is considered as a standard method to validate the unified method. The results calculated from the two methods are compared in Figure 5 . The tail track of locomotion in the unified method is very identical with that in the Newton-Euler method as shown in Figure 5 (a). The mean percentage errors of the joint torques τ i 's (i = 4, . . . , 7) in locomotion are 6.09%, 1.88%, 0.98%, and 1.44% respectively, and the numerical error is mainly accumulated on the torque of the tail joint τ 4 ( Figure 5(c) ). The manipulation trajectory of the snake-like robot is shown in Figure  5 by enlargement, the numerical result in manipulation is more precise than that in locomotion, because the dynamics of locomotion, including interior dynamics and exterior dynamics, are more complicated than those of manipulation, including only interior dynamics.
Conclusions
A unified dynamic model for locomotion and manipulation of the snake-like robot has been established and analyzed by using differential geometry. The theoretic analysis and the numerical simulation showed the validity of the unified dynamic model. We unified the dynamics of the two reconfiguration processes (i.e., locomotion and manipulation) for the snake-like robot in the differential geometry formulation in order to obtain the following significant advantages:
(1) Offering a comparison between the dynamics of the snake-like robot and those of the redundant manipulator, by unifying the dynamics of locomotion and manipulation of the snake-like robot. Using for reference of the existing research on the manipulator dynamics, we obtained an insight into the dynamics of the snake-like robot. The particular dynamic structure of the snake-like robot was revealed by using this method. Without the comparison and unification, the comprehension for the complex dynamics of the snake-like robot is very difficult.
(2) Providing a novel geometric point of view to understand the dynamics of the snake-like robot. By comparing locomotion with manipulation, first, the dynamic problem of the snake-like robot was considered as a submanifold problem; second, the dynamic equation was endowed with the geometric explanation; third, many geometric methods were brought into the analysis of the dynamic model; finally, the geometric language made the intricate relationship of dynamics legible and visual. Other usual methods (e.g., the Newton-Euler method) can hardly express the locomotion and manipulation dynamics in a uniform formulation, because of not having the geometric expression.
Finally, the unified dynamic model for locomotion and manipulation of the snake-like robot leads to the following interesting topics and open problems:
(1) Extending the 2-D unified dynamic model for locomotion and manipulation to the 3-D unified model. According to the analysis of unification (subsection 4.3), the gravity term does not influence the unification of the 3-D dynamics. The difficulty of the unification is the complexity of the 3-D dynamics itself. At the present stage, the dynamic research for the snake-like robot is within the 2-D locomotion model mainly, and the 3-D locomotion dynamic model [9] is still under research because of the uncertain interaction relationship (e.g., the uncertain time and the uncertain position of the contact) and the nonsmooth interaction effect (e.g., impact and collision). The basic formulation and analysis method for the 2-D unified dynamic model was presented; however, many problems should be solved in order to extend to the 3-D unified dynamic model.
(2) Designing the unified control system for locomotion and manipulation based on the unified model. The unified dynamic model for locomotion and manipulation not only makes the dynamics of the two different states with a uniform expression, but also reduces two individual modelings to one unified modeling. The unified model may be of benefit to the real-time control of the snake-like robot, such as decreasing the complexity of the control system, reducing the computing time of the system, and adding the function of a single control system. However, how to realize the unification of the control algorithm and the control system is an interesting problem deserving further research. 
Appendix D
